We estimate the anisotropic index of an anisotropic fractional Brownian field. For all directions, we give a convergent estimator of the value of the anisotropic index in this direction, based on generalized quadratic variations. We also prove a central limit theorem. First we present a result of identification that relies on the asymptotic behavior of the spectral density of a process. Then, we define Radon transforms of the anisotropic fractional Brownian field and prove that these processes admit a spectral density satisfying the previous assumptions. Finally we use simulated fields to test the proposed estimator in different anisotropic and isotropic cases. Results show that the estimator behaves similarly in all cases and is able to detect anisotropy quite accurately.
Introduction
The one dimensional fractional Brownian motion (fBm) was defined through a stochastic integral by Mandelbrot and Van Ness [21] in 1968 for the modeling of irregular data such as the level of water flows or economic series. Let us recall that this process is a Gaussian zero mean process with stationary increments characterized by its so-called Hurst index H ∈ (0, 1) and denoted by B H = {B H (t); t ∈ R}. A generalization of Bochner's Theorem allows to give a spectral representation of its covariance function, namely
In this paper we consider d-parameter real-valued Gaussian fields with zero mean and stationary increments, defined through a spectral representation
where · is the usual scalar product on R d and W is a complex Brownian measure with W (−A) = W (A) for any Borel set A ⊂ R d . The function f , called the spectral density, is a positive even function of L 1 R d , min 1, |ξ| 2 dξ . A natural extension of the 1-dimensional fBm is obtained when the spectral density is given by |ξ| −2H−d , where | · | is the euclidean norm on R d . This yields a zero mean Gaussian field with stationary increments which is isotropic and has therefore the same critical Hölder exponent H in all directions of R d .
In order to get an anisotropic field with stationary increments A. Bonami and A. Estrade define in [8] an anisotropic fractional Brownian field by considering a spectral density of the shape
where the power h(ξ) ∈ (0, 1) is an even function which depends on the direction ξ/|ξ| of R d . Other generalizations have been proposed for anisotropic data modeling like the fractional Brownian sheet [20] or the multifractional Brownian motion introduced simultaneously in [6] and [24] , where the Hurst parameter H is replaced by a function depending on the point t ∈ R d . However such generalizations yield models with non stationary increments.
Here we consider an anisotropic fractional Brownian field X defined by (2) with (3) for some anisotropic index h and we focus on the identification of h. As already noticed in [8] this index cannot be recovered by analysing the regularity of X line by line since its regularity along a line does not depend on the direction (see [4] for another method). Hence, to recover anisotropy, authors give another directional analysis method, which is based on field projections. Actually, the critical Hölder exponent of the process {R θ X(t); t ∈ R} obtained by averaging the field along an hyperplane orthogonal to a fixed direction θ, called Radon transform of X, is proved to be equal to h(θ) + d−1 2 for this direction. An estimator of h(θ) is then proposed in [2] , using quadratic variations to estimate the regularity of the process R θ X. However, no speed of convergence nor asymptotic normality can be found under their weak conditions that the spectral density behaves like f h at high frequencies.
Actually, many estimators for the Hurst parameter of a 1D fBm have been proposed, based for example on time domain methods or spectral methods (see [10] and [3] and references therein). Quadratic variations can lead to relevant estimators with asymptotic normality of the Hölder exponent of more general Gaussian processes with stationary increments as proved in [15] or [18] for instance. Moreover in [19] the authors give precise bounds of the bias of the variance and show that minimax rates are achieved for this kind of estimators. However, these previous works need assumptions on the variogram of the process X of the following type
with further regularity assumptions on the remainder. This leads to a first restriction on the set of values of H since H must be in (0, 1). For this reason we adopt here a spectral point of view related to the problem of the identification of filtered white noise introduced in [5] . In the simplest case of this paper, the authors consider a spectral density f given by
It follows that, when H > 1, one has to consider a process no more with stationary increments but with higher order stationary increments.
In this paper, under the assumption that the spectral density of a Gaussian process with stationary increments satisfies for some c, s > 0
we give estimators of H > 0 using quadratic variations of the process. On the one hand, for H ∈ (0, 1) this assumption leads to (4) , using the fact that v(t) = 4 R sin 2 ξt 2 f (ξ)dξ. On the other hand, H can be an integer and we do not need that the remainder is in C 2 (R) as in [5] . Then, with further assumptions on the derivative of f at high frequencies, we get precise error estimates and asymptotic normality. Our main result is that the spectral density of the Radon transform of an anisotropic fractional Brownian field satisfies (5) with H = h(θ) + d−1 2 . Therefore we can get consistent estimators of the anisotropic index h with asymptotic normality using quadratic variations of the Radon transform process.
The paper is organized as follows. The first section is devoted to the estimation of the Hölder exponent of Gaussian processes (d = 1) with spectral density, using generalized quadratic variations. We give estimators with asymptotic normality under assumptions that rely on the asymptotic behavior of the spectral density. In the second part we estimate the anisotropic index of an anisotropic fractional Brownian field, using Radon transforms of the field. These transformations lead to Gaussian processes with spectral densities for which we give an asymptotic expansion. Then we apply the results of the first part to this process. In the third part, we test the proposed estimator using anisotropic and isotropic simulated fields in two dimensions.
Identification of the exponent for a 1D-process
We prove in this section a first identification result in a general setting. It is based on the well-known fact that a consistent estimator of the critical Hölder exponent of a Gaussian process with stationary increments can be recovered using generalized quadratic variations (see [15] or [18] for instance). Actually, many authors have considered these estimators under assumptions based on the variogram of the process. This is not adapted here for our framework and we prove similar results under assumptions based on the asymptotic behavior of the spectral density. Let us recall that, up to a constant, the spectral density of a 1D fractional Brownian motion of Hurst parameter H ∈ (0, 1) is given by the function |ξ| −2H−1 . Remark that no process with stationary increments can admit such spectral density whenever H ≥ 1 since this function does not belong to L 1 (R, min (1, |ξ| 2 )dξ) anymore. However one can obtain such spectral densities by considering processes with higher order stationary increments (see [6] and [25] for instance). Moreover there is no restriction to define a process X with spectral density asymptotically equivalent to that kind of function for any H > 0. Actually, when H ≥ 1, writing H = j + s with j ∈ N and s ∈ [0, 1), X will be j times differentiable in mean square and X (j) will admit s as critical Hölder exponent.
Let us consider a zero mean Gaussian process X = {X(t); t ∈ R}, with stationary increments and spectral density f ∈ L 1 (R, min (1, |ξ| 2 )dξ). Let us assume that f satisfies (5) namely
for some H, c, s > 0. We observe a realization of X at points k N for k = 0, . . . , N:
Our purpose is to estimate H. The key idea of the former works concerning the estimation of Hölder exponent of Gaussian processes with stationary increments as [10, 15, 18, 19] for instance, is to consider increments of the process to get a stationary process. For instance, since X has stationary increments the process X t+1 N − X t N ; t ∈ R is stationary. More generally, one can consider the filtered process of X
This defines a stationary process when a = (a 0 , . . . , a l ) is a discrete filter of length l + 1 and of order K ≥ 1 (l, K ∈ N with l ≥ K), which means that l k=0 a k k r = 0 for 0 ≤ r ≤ K − 1 and l k=0 a k k K = 0.
For such a filter a, the observations of X allow us to compute Z N,a (p) for p = 0, . . . , N − l. Let us remark that if we choose the filter of order 1 given by a = (1, −1) then Z N,a (p) = X p+1 N − X p N is the increment of X at point p/N with step 1/N . More generally, for K ≥ 1, the increments of order K of X at point p/N with step 1/N are given by Z N,a (p) for the filter a of order K and length K + 1 with a k = (−1)
Let us point out that, since X has stationary increments, Z N,a is a stationary process for any filter of order K ≥ 1. Following [18] we also consider the filtered process of X with a dilated filter. More precisely, for an integer u ≥ 1, the dilation a u of a is defined for 0 ≤ k ≤ lu by
k r a k , the filter a u has the same order than a. Then, for a filter a of length l and of order K ≥ 1 and u ≥ 1, due to the stationarity of the corresponding filtered process Z N,a u , we can estimate the empirical variance of Z N,a u (0) based on the observations of X by considering
which we call generalized quadratic variations of X.
Let us point out that we consider here the same kind of set of locations for the sum as in [15, 18] but one could also consider more general one as done in [19] . Moreover, let us remark that one can also consider m-variations of the process that estimate E (Z N,a u (0) m ). We will focus here on the quadratic variations (m = 2). It is motivated by a result of J. F. Coeurjolly [11] who proves that, in the fractional Brownian motion case, the asymptotic variance of the Hurst parameter estimator is the lowest for m = 2.
To build estimators of H the main idea is to choose a filter a such that
Then, by considering estimators given by
precise estimates of the asymptotic behavior of Cov (Z N,a u (p), Z N,a v (p )) allow to get the almost sure convergence of (T N,a u , T N,a v ) to (1, 1) with asymptotic normality. Then, an asymptotic estimator of H can be built by considering for instance 1 2 
The end of this section is devoted to the rigorous proofs of these statements, under assumptions that rely on the asymptotic behavior of the spectral density.
Our first result allows to get an asymptotic development of E (V N,a u ) according to the asymptotic development of the spectral density at high frequencies. Let us remark that if we associate to the filter a the polynomial
then a is a filter of order K if and only if P (1) = 0. Proposition 1.1. Let X = {X(t); t ∈ R} be a zero mean Gaussian process, with stationary increments and spectral density f . We assume that that there exists H > 0, c > 0 and s > 0 such that f satisfies (5) . Then for any filter a of order K ≥ 1 and u ≥ 1 we have the following asymptotics:
Proof. Since by assumption X has stationary increments and spectral density f it follows from (2) for d = 1 that, when K ≥ 1,
Therefore, for all p ∈ Z,
Let us assume that K ≤ H, since a is of order K, from Taylor formula, for > 0 there exists δ > 0 such that
According to (5) ,
, which yields the result.
Now, let us assume that K > H and write
Then, applying the previous results to R with H replaced by H + s/2 we obtain the result for the remainder term, which concludes the proof.
Therefore, to recover the parameter H, one has to consider a filter a of order K > H. In this case, for any
In order to prove the almost sure convergence of (T N,a u , T N,a v ) for u, v ≥ 1, with T N,a u given by (7) , one has to estimate Cov (V N,a u , V N,a v ). Actually,
such that
It is obvious that under (5), for K > H we have
However, we have to consider
N,a (p) 2 and further assumptions have to be done to see when 
then, for K > H and any δ < min
Moreover, for any
Let us focus on the first term and remark that for
Moreover, since a is a filter of order K, by Taylor formula one can find C > 0 such that
Therefore, when p = 0, we can integrate by parts (10) . Writing h u,v a (ξ) as
we also get that for any δ < min
as soon as one can choose δ > 1/2, which is possible when K > H + 1 4 . It remains to study the second term. Let > 0 and choose
For the first integral, since R ∈ L 1 (R, min (1, |ξ| 2K )dξ), we remark that
where C(r) is a constant that only depends on r, which may change line by line. For the second integral, for all p ∈ Z, similar computations as previously leads to 2H, 0) . Therefore, for any |p| ≤ N ,
It follows that one can find C > 0 such that, for all |p| ≤ N ,
We can now state our first identification result. 
Moreover, for K > H + 1/4, let us denote
.
Then, when s > 1 2 ,
Proof. Following classical computations on Gaussian quadratic forms as in [15] for instance, from Propositions 1.1 and 1.2 we obtain that for all K > H
Then, using Taylor Formula for the function g(x, y) = log x y (see Ths. 3.3.11 in [12] for instance) we get that for K > H almost surely log
According to Proposition 1.1 it is straightforward to see that for K > H
Moreover, for K > H + 1/4 and s > 1/2, Proposition 1.1 leads to
So in this case
Let us point out that if s ≤ 1/2, from Proposition 1.1 using the fact that
This estimator is used in the next section in order to estimate the anisotropic index of an anisotropic fractional Brownian field.
Identification of the anisotropic index of anisotropic fractional Brownian fields
In this section we consider an anisotropic fractional Brownian field
as introduced in [8] , which is a zero mean Gaussian random field, with stationary increments and spectral representation (2) . The spectral density is given by (3), namely f h (ξ) = |ξ| −2h(ξ)−d , where h is an even homogeneous function of degree 0 with values in (0, 1), called anisotropic index. To determine anisotropy of such a field one could try to estimate its directional regularity by extracting lines of the field along various directions. However, for anisotropic fractional Brownian fields, this method fails. Actually, when θ is a fixed direction of the sphere S d−1 , one can prove that the process {X(tθ); t ∈ R} is still a zero mean Gaussian process with spectral density given by
where θ ⊥ stands for the hyperplane orthogonal to θ. Therefore, according to Proposition 3.6 and Proposition 3.3 of [8] this process admits a critical Hölder exponent equals to the essential infimum h 0 of the function h.
Then, the study of the generalized quadratic variations of such a process can at most allow us to recover h 0 . To deal with this obstruction and in order to study processes rather than fields, the authors of [8] have introduced the Radon transform of such fields.
When a function f is integrable over R d , one can define its Radon transform on R (see [28] for instance), in the direction θ, by
For a function f which does not decay sufficiently at infinity, one can integrate it against a window. Let ρ be a smooth function defined on θ ⊥ , that compensates the behavior at infinity of f . Then one can define the windowed Radon transform of f on R, in the direction θ, by
We should use strong assumptions on the anisotropic fractional Brownian field X in order to define its windowed Radon transform as an integral. However, according to Proposition 4.1 of [8] , one can define the Radon transform of X, with a convenient window ρ, in the direction θ, by a discretization of the integral. For notational sake of simplicity we deal with the direction θ to be θ 0 = (0, . . . , 0, 1) and identify the space
Let us choose ρ a function of the Schwartz class S R d−1 , with real values, ie ρ is a smooth function rapidly decreasing
Then, the process 2 −n(d−1)
admits a limit in L 2 (Ω) for the finite dimensional distributions, when n tends to infinity. This limit is called the Radon transform of X with the window ρ and is denoted by R ρ X = {R ρ X(t); t ∈ R}.
Let us remark that one can define the Radon transform of X, with the window ρ, under less restrictive assumptions on ρ, as soon as the previous limit exists. The existence of the limit process is proved in both [8] and [7] and relies on the slow increase of the covariance function of X due to its stationary increments and on its mean square continuity.
Let us also point out that one can define the Radon transform of X with the window ρ for any direction θ. Actually, it is sufficient to chose κ θ a rotation of R d that maps θ 0 = (0, . . . , 0, 1) onto θ. Since X • κ θ is still an anisotropic fractional Brownian field, with anisotropic index given by h•κ θ , which satisfies the same assumption as h, we just have to consider the Radon transform of this field with the window ρ.
By linearity of such a transformation, the Radon transform of X with the window ρ is still a zero mean Gaussian process with stationary increments and it admits a spectral density given by the Radon transform of the spectral density f h of X, given by (3), against the window | ρ| 2 ,
where ρ is the (d − 1)-dimensional Fourier transform of the window ρ. To estimate the Hölder regularity of this process, we will use its generalized quadratic variations as introduced in the section 1. Therefore, we have to study the asymptotic behavior of R | ρ| 2 f h in order to apply Proposition 1.3. We prove and use the following general result on the windowed Radon transform.
Proposition 2.1.
Let h and c be given functions on R d . Let α > 0. We assume that h and c are even homogeneous functions of degree 0, Lipschitz of order α on the sphere, with h positive.
Then, the Radon transform of f with the window ρ satisfies, for all δ ∈ (0, δ 1 ), 
We want to estimate its asymptotics when |p| → +∞. First, let us assume that there exists A > 1 such that, for ξ ∈ R d and |ξ| > A,
with h and c satisfying assumptions of Proposition 2.1. In this case, we will prove that for all 0 < δ < α,
For |p| > A, since R d−1 ρ(γ)dγ = 1, let us write
Then, it is enough to give an upper bound for
Let us denote h S d−1 = [h 0 , h 1 ] with h 0 > 0 by assumption on h. Since ρ is rapidly decreasing, for all s > 0 and N ∈ N,
Let us use the Lipschitz assumptions on h and c.
Lemma 2.2.
If g is an homogeneous function of degree 0, Lipschitz of order α on the sphere S d−1 , then there exists C > 0 such that for all p = 0 and γ ∈ R d−1 ,
Proof. The function g is continuous on the sphere and thus it is bounded. Then, for p = 0 and γ ∈ R d−1 ,
Moreover, g is Lipschitz of order α on the sphere. Then, there exists C > 0 such that, for p = 0,
which concludes the proof of Lemma 2.2.
Let us recall that c is an even homogeneous function thus c(θ 0 ) = c(0, p), for all p = 0. Then, since c is Lipschitz of order α, one can find C 1 > 0 such that
which is negligible compared to |p| −h(θ0)−δ as soon as δ < α(1 − s).
It remains to consider
Let us write |p| h(θ0)
where, for p = 0,
writing h(θ 0 ) = h(0, p) since h is an even homogeneous function. Since h is Lipschitz of order α, by Lemma 2.2, for s < 1, there exists C 2 > 0 such that, for |p| ≥ A > e and |γ| ≤ |p| s , (13) follows. In the general case, let us assume that, for all δ ∈ (0, δ 0 ) and ξ ∈ R d ,
Replacing ρ by |ρ| and h by h + δ in the special case above, we get the result for the remainder.
Let us remark that to simplify the statement of this proposition, we assumed the window to be in the Schwartz class. However it is proved in [7] p. 85 that the result still holds for a window ρ ∈ L 1 (R d−1 ) that satisfies
with M > h 1 − h 0 for h S d−1 = [h 0 , h 1 ]. In this case δ 1 = min(δ 0 , α M+h0−h1 M+α ).
We can now state our main result concerning the identification of the anisotropic index of an anisotropic fractional Brownian field. We keep the notations of part 1 for the generalized quadratic variations of a 1D-process and recall that we fix the direction θ 0 = (0, . . . , 0, 1) ∈ S d−1 . Theorem 2.3. Let X = {X(t); t ∈ R d } be an anisotropic fractional Brownian field, with anisotropic index h given by an even homogeneous function of degree 0 with values in (0, 1) , which is assumed to be in
Let ρ be a window in S R d−1 . Let R ρ X be the Radon transform of the field X with the window ρ. Let a be a filter of order K and u, v ≥ 1 two integers with u = v. If K > h(θ 0 ) + d−1 2 then almost surely
Proof. It is sufficient to prove that the spectral density of R ρ X satisfies the assumption of Proposition 1.3. From (12) , this spectral density is given by the function
with f h given by (3) . Since we can divide R ρ X by a constant, we can assume that R d−1 | ρ(γ)| 2 dγ = 1. Then, since 2h + d satisfies assumptions of Proposition 2.1 with α = 1, by Proposition 2.1, for all δ < 1,
We can also write this as
It follows that the spectral density R | ρ| 2 f h is differentiable on R {0} and for p = 0 we have
and
. Then, by Proposition 2.1, whenever δ < 1,
Moreover, for any > 0 small enough
Since |γ| | ρ| 2 is integrable over R d−1 and rapidly decreasing, following the same lines as in the proof of Proposition 2.1, we get
This allows us to conclude that
Therefore R ρ X satisfies the assumption of Proposition 
Let us point out that we have restricted h to have values in (0, 1) so that the anisotropic fractional Brownian field is well defined. This can be weakened by considering fields with higher order stationary increments or with spectral density asymptotically of the order of f h . Similar results can be obtained with the further assumption that the partial derivatives of order 1 are asymptotically of the order of the partial derivatives of f h (see [7] for example).
For numerical applications, one has to approximate the Radon transform of X. Following [2] we replace R ρ X(t) by
for ρ a smooth window with compact support and M ≥ 1 an integer. Let us denote for a a filter of order K and length l and N ≤ M ,
The key point of the proof is to estimate the error due to the approximation of V N,a (R ρ X) by T M N,a (X). Let us denote H = h(θ 0 ) + d−1
2 . Under the assumptions of Theorem 2.3, following the same lines as in [2] , for α > 0 with α < h 0 = min h
, one can prove that there exists a positive finite random variable C such that, for all 
, one can find a positive finite random variable C such that, a.s.
We can state the following result. 
Numerical study
In this section we present a preliminary evaluation of projection-based estimators studied above. We first describe the synthetic datasets used for our evaluation and then discuss our estimation results.
Simulation
A lot of numerical methods have been proposed these last years to simulate 1-dimensional fractional Brownian For instance, when h = 0.2, the bias is reduced to −0.041 when the subsampling factor is increased to 2 2 .
On Table 2 , we observe that estimation biases obtained on fields simulated using the SRA technique differ from those of Table 1 . Indeed, these biases indicate that estimators overestimate parameter values. This is probably due to the SRA technique which generates fields which are smoother than what they should be. The best evaluation of estimator biases are those of Table 1 which were obtained on exact simulations of fBm. However, we can notice that standard deviations of Table 2 are consistent with those of Table 1 . Despite simulation errors of the SRA technique, we can rely on results of Table 2 to get a sense of the estimator properties when fields are anisotropic. In particular, we see that estimator biases and standard deviations do not vary significantly from isotropic to anisotropic simulations. When the subsampling factor is fixed, standard deviations are about the same for isotropic and anisotropic simulations. On anisotropic simulations, biases still vary when estimated parameter values are changed. But, the bias of a regularity estimate in one direction does not depend on the parameter value estimated in the other direction. For instance, when ν = 0, biases for the estimation of parameter value h = 0.2 are about 0.15 in all the simulation cases involving an index value of 0.2 ((h h , h v ) = (0.2, 0.2), (0.7, 0.2), (0.5, 0.2)). In conclusion, the field anisotropy seems not to have any effects on the estimator stability.
Besides, we observe on the last column of Tables 1 and 2 that standard deviations of estimate differences are about the same when ν is fixed. In particular, when ν = 0, standard deviations are about 0.065. On isotropic cases, biases are about 0. This suggests that it is possible to distinguish between isotropic fields and anisotropic fields for which absolute differences between horizontal and vertical regularities are above 0.065. 
